Abstract This paper deals with the following biological question: how influential is the environmental contamination on the transmission of EVD? Based on the works in [7, 33, 55], we design a new mathematical model to address this question by assessing the effect of the Ebola virus contaminated environment on the dynamical transmission of EVD. The formulated model captures two infection pathways through both direct human-to-human transmission and indirect human-to-environment-to-human transmission by incorporating the environment as a transition and/or reservoir of Ebola viruses. We compute the basic reproduction number R env 0 for the model with environmental contamination and prove that the disease-free equilibrium is globally asymptotically stable (GAS) whenever
> 1, we show that the said model has a unique endemic equilibrium which is GAS. Similar results hold for the free environmental contamination sub-model (without the incorporation of the indirect transmission). More precisely, for the latter model, calculate the corresponding basic reproduction number R h 0 and establish the GAS of the disease-free and endemic equilibria, whenever R h 0 ≤ 1 and R h 0 > 1, respectively. At the endemic level, we show that the number of infected individuals for the full model with the environmental contamination is greater than the corresponding number for the free environmental contamination sub-model. In conjunction with the inequality R h 0 < R env 0 , our finding suggests a negative answer to the biological question under investigation, i.e. the contaminated environment plays a detrimental role on the transmission dynamics of EVD by increasing the endemic level and/or the severity of the outbreak. Therefore, it is natural to implement a control strategy which aim at reducing the severity of the disease by providing adequate hygienic living conditions, educate populations at risk to follow rigorously those basic hy-models, which incorporate the above and other relevant epidemiological, demographic and biological features of EVD, are developed. The first model which we shall refer to as "full model" takes into account the environmental contamination. To allow comparison and assess the role of the environment, we develop a second model which can be regarded as a sub model of the full model and does not incorporate the environmental contamination. The specific goals are to determine the key factors that drive the disease transmission process and to propose effective and affordable strategies to minimize the spread of the disease. Our aim in this work is therefore to propose and analyze the proposed models for the dynamic of EVD in such a complex setting which take into consideration the known (direct) and suspected/probable (indirect environmental) contamination pathways. The incorporation of such unavoidable indirect environmental transmission route account for the assessment of the role of the environment in the spreading and the severity of EVD.
The models have been analyzed theoretically and numerically. From the theoretical point of view, we have established the following results.
(1) The disease-free equilibrium for the full model is GAS whenever the corresponding threshold quantity R env 0 is less than or equal to unity, (2) In the case R env 0 > 1, there exists a unique endemic equilibrium for the full model which is GAS. (3) For the sub model without the environmental contamination, the disease-free equilibrium is GAS when the corresponding basic reproduction number R h 0 is less than or equal to unity.
(4)
The said sub-model exhibits a unique endemic equilibrium, which is GAS whenever R h 0 > 1. (5) The two models are compared at endemic level and for both cases in items (2) and (4) above, the number of infected individuals obtained in the presence of the environmental transmission, is greater than the corresponding number of infected individuals in the absence of the environmental transmission.
As it is the case for most systems of differential equations that model real-life situations, the deterministic model designed in this paper can unfortunately not be solved explicitly by analytic techniques. It is therefore vital to perform numerical simulations through classical methods that aim at capturing the essential and/or expected properties of the continuous model. Thus, from the numerical point of view, we first carry out the sensitivity analysis of the model to identify the most influential parameters on the model output variables, that is the most robust estimations that are required and secondly apply the fourth RungeKutta method implemented in MatLab language, given its power to produce more precise approximated and faster convergent solutions in many applied areas.
The rest the paper is organized as follows. In Section 2, we formulate the models: the model with the environmental contamination (full model) and the sub model without the environmental contamination. The theoretical analysis of the full model is provided in Section 3. In Section 4, we give the complete analysis of the sub-model with only direct transmission (i.e., without the environmental contamination), and the role of the environmental contamination on the transmission of EVD is assessed theoretically and numerically. Section 5 presents the sensitivity analysis of the full model and the results of numerical simulations. Section 6 concludes the paper and provides some discussions that highlight few relevant perspectives.
Model formulation
Based on the infection modes displayed in the introduction part, we refer to the transmission routes (c) to (f) as the "environment". In fact, apart from the human-human contamination modes involving direct contacts between infected and susceptible humans ((a) -(b)), there are the transmission routes (c) to (f) which are indirect and may involve the consumption of contaminated bush meat (animals hunted for food), manipulation and consumption of fruits bats, consumption of fruits contaminated by bats during deliverance (harvested in the rainforest for food during dry season when food is rare). To make our full model as simple as possible, we then encompass all these transmission modes in one class which we refer to as "Environment".
Therefore, our full model falls in the modeling framework for human diseases with free-living pathogens. It involves human individuals as host and the Ebola viruses in the environment as "reservoir" of pathogens [4, 29, 33, 43, 40] . We emphasize that the concentration of the Ebola viruses in the environment is not an epidemiological class: it is in fact an environmental compartment referred to as a "pool" of Ebola viruses [20] through which the human individuals can come into contact with and probably catch the infection.
The presence of the viruses in the environment account for the indirect transmission. This contaminated environment can be supplied by:
(i) the provision of contaminated Ebola-deceased animals, the manipulation consumption of infected fruit bats hunted by humans either for food or commercialization; (ii) the contaminated fruits [26, 33] harvested for food during food shortage in the dry seasons; (iii) the shedding of viruses by infected/ Ebola-deceased human individuals through their bed linen, stool, urine, vomits or sweat [47, 53, 57] . This happens usually in health care centers or in family homes of infected and Ebola-deceased individuals.
The state variables
Here, we define the population variables and the epidemiological parameters used to develop our EVD transmission models. As mentioned above, the full model involves two populations, namely, the human population, the concentration of free living Ebola virus in the environment (which account for the indirect transmission).
Human population state variables
The total population of humans at time t, N h (t) is composed of four disjoint epidemiological classes, namely: susceptible human individuals to EVD S h (t) (i.e. who are completely free of the virus); exposed human individuals to EVD E h (t) (i.e. infected in latent stage); infectious humans individuals I h (t) (i.e. able to transmit EVD) and recovered humans individuals R h (t) (i.e. either clinically or completely). It is worth noting that, there is no specific treatment for EVD, but some patients recover after intensive supportive care by oral re-hydration with solutions containing electrolytes. Thus, the total human population at time t N h (t) is
It is reported in [47, 53] on the one hand that, the clinically recovered individuals still infect people during sexual intercourse. On the other hand that EVD-deceased individuals can still infect during burial ceremonies where their cadavers are manipulated by family members and mourners [47, 53] . This latter feature is said to play the most important role in the disease transmission and persistence of EVD [20] . We are not going to use additional classes to account for these aspects, yet, we stress that the above mentioned facts will be incorporated in the incidence functions. Thus, it is suitable to model the transmission dynamics in the human population by a SEIR compartmental model.
Ebola virus concentration variable in the environment
As reported in [20, 33, 34, 51, 59] , the indirect transmission through free living Ebola viruses in the environment occurs. Precisely, according to the works in [7, 42] , filoviruses (thus Ebola virus) can survive in liquids, plastic surfaces, and on solid substrates (glasses, sanitary equipments) for 14 to 50 days and remain viable. Moreover it is shown in [59] that there is evidence for environmental contamination, which may increase the risk of nosocomial transmission. Thus, we find it realistic to consider the concentration of the Ebola virus in the environment, with V(t) being the concentration of any Ebola virus species (Bundibugyo, Ivory-Coast, Reston, Sudan, Zaire) harmful to humans, animals or bats.
Assumptions
The dynamics of EVD is governed by the following set of epidemiological hypotheses.
(H 1 ) Infected individuals shed the Ebola viruses in the environment.
(H 2 ) In almost all the EVD outbreaks in Africa, the case fatality rate is greater than or equal to 1/2. Thus, we assume f ≥ 1/2. (H 3 ) Ebola-deceased individuals can continue to infect (during funerals). (H 4 ) Clinically recovered individuals still transmit the disease (through sexual intercourse or through breast-feeding). (H 5 ) The Ebola viruses in deceased individuals (the immune system defense is very poor or inexistent) is assumed to be more virulent than those in alive ones. (H 6 ) Long live immunity is assumed for recovered individuals. Indeed, the immunity induced by EVD infection is unknown, since it has never been reported that an individual have caught the infection for the second time.
The incidence functions and model equations
Based on the above assumptions, we derive the human-to-human force of infection λ hh , the environment-to human force of infection λ hv as well as the differential equations which describe the time evolution of the state variables under consideration.
Human-Human (human-to-human) force of infection: λ hh
The high fatality rate of EVD lead to a big fear of the disease. Therefore, it is reasonable to assume that during the onset of the disease, people avoid crowded areas, for homogenous missing is harmful. This leads to a realistic assumption that the human-human force infection should be frequency-dependent (standard). Moreover, on the one hand, according to hypothesis (H 3 ), Ebola-deceased individuals can still contaminate during funeral practices if they are manipulated by mourners who enter into contact with their blood or any other bodily fluids [47, 55] . On the other hand, clinically recovered men/women have Ebola viruses in their semen/breast milk up to seven (07) weeks after recovery [2, 47, 57] . Therefore, they can still infect other people via sexual intercourse. Thus, the human-to-human infection occurs as a result of three contributions:
1) Through an effective contact at rate β hh with an infected human (I h ) who is still alive leading to the incidence function λ hI , with
2) Through an effective contact at rate ξ h ν h γ f β hh with an EVD deceased individual yielding to the force of infection
where ξ h = 1/τ h . The quantity γ f is the fraction of infectious individuals who passed away due to EVD; ν h is the virulence of Ebola viruses in the body of a EVD-deceased person and τ h is the mean time that elapse after death before a cadaver is completely buried. 3) Via effective contact at rate β hh θ h (1− f ) with a clinically recovered individual (R h ) yielding to the incidence function:
The quantity γ1− f ) is the fraction of infectious individuals who clinically recovered from the disease whereas r h is the mean time that elapse before the complete clearance of Ebola viruses in the semen or breast milk of recovered individuals. Finally, the human-to-human force of infection is
This transmission occurs indirectly. One way is through consumption of Ebola viruses in contaminated fruits by bats during competition for food in dry seasons, consumption of contaminated bush meat (animals and bats hunted for food) [33, 40] . The other way is through contact with contaminated linen, urine (on soiled sanitary equipments) or stools of and infected person [47, 53, 56] . It is important to stress that humans, and some animals (non-human primates, apes, antelopes, monkeys, duikers) and fruit bats are mammals and can share some of the fruits as meal. This amounts in getting infection or consuming the Ebola viruses, with the Ebola viruses standing for the free living pathogens. Let β hv be the effective ingestion rate of Ebola virus. Similar to [6, 10, 18] , we assumed that an individual must consume at least the concentration (K) of Ebola virus equivalent to an amount that increases the possibility of being infected to about 50%. Thus, following the modeling framework for diseases transmitted by free living pathogen (Cholera, Typhoid fever, etc...), we use the Holling type II or Michaelis-Menten function dose response so that the force of infection is given by
Note however, since the Ebola virus is highly infectious, the minimum infection dose K can be very low. Thus λ hv can be modeled using mass action incidence (i.e. λ hv = β hv V).
In summary, the overall force of infection in human's population denoted by λ h is
The susceptible population S h is replenished by a constant recruitment at rate Λ h into the community. These latter individuals may acquire infection following the force of infection λ h , and die naturally at rate µ h . It is assumed that the exposed individuals E h do not transmit the disease, maybe as a result of perfect implementation of contact tracing and isolation. Those who recovered from EVD will not return in the susceptible class, maybe as a result of their behavior adjustment due to the fear of the disease. The exposed class E h is generated by the susceptible individuals who became infected at rate λ h . This latter population is decreased when they become infectious at rate ω and move to the infectious class I h , or when they die naturally at rate µ h . The infectious compartment I h diminish when they recover (after supportive care) at rate γ and therefore increase the recovered class R h . Both the infectious and the recovered population die at rate µ h as well.
The concentration V of Ebola viruses in the environment is modeled following [10, 18, 50] . We apply the framework modeling of the free living pathogen similar to diseases like, cholera, typhoid, or yellow fever. Thus, the dynamics of the concentration of the free living Ebola viruses is given by
where α h is the sledding rate of Ebola viruses in the environment by infected individuals. A schematic model flowchart is depicted in Fig. 1 . The corresponding system of differential equations is
Pathogens (Virus)

Fig. 1 Ebola Virus Disease transmission flow diagram
where without environmental contamination which will be analyzed in details in Subsection 4.1 is obtained by neglecting the indirect contamination through contact with the contaminated environment and is modeled by
We shall study in details this model (2.10) later in Subsection 4.1.
It is important to compared the model (2.9) with few deterministic existing models. The proposed model (2.9) extends the works in [1, 2, 17, 22, 31, 32, 39, 51] by:
1. considering the indirect transmission via the environment. None of the above mentioned works have considered such a aspect while modeling EVD. They concentrated only on the human population, without modeling the environmental source of the disease (i.e. from where the disease triggers and enters the human population). Indeed, the incorporation of the environmental contamination feature is motivated by the fact that, for almost all the EVD outbreaks, it has been reported the index case (first patient) got the infection from the environment (after manipulation for food near the rain forests). 2. including the contamination through recovered individuals which is not the case in none of the works mentioned above. 3. incorporating the demographic dynamics. 4. considering infection through contact with deceased humans (during funerals). Moreover, contrary to [39, 51] where an epidemiological class for EVD-deceased individuals was explicitly considered, our model, for the sake of simplicity do not consider dead individuals as an explicit compartment. However, these latter individuals are considered to be infectious until they are completely buried. A part from [31, 39] , none of the mentioned works have considered such an important characteristic. 5. modeling the dead-mediated and the clinically recovered-mediated transmissions using fractions of infectious (I h ) individuals, whereas in [31] the authors explicitly incorporated the death in the force of infection.
6. assuming the virulence of the Ebola viruses in EVD-deceased individuals. Actually, the viruses inside the body of EVD-deceased individuals are supposed to be more virulent than those in the alive infected individuals.
Mathematical analysis of the full model
Positivity and boundedness of solutions
For the EVD transmission model (2.9) to be epidemiological meaningful, it is important to prove that all the states variables are non-negative for all time. In other words, solutions of system (2.9) with non-negative initial data will remain non-negative for all t > 0.
Theorem 3.1 If the initial data (S
of system (2.9) are non-negative for all t > 0, and the positive orthant R 5 + is positively invariant with respect to the flow of system (2.9).
Furthermore, for initial conditions such that
Proof: Suppose S h (0) ≥ 0, then from the first equation of system (2.9) and an argument on continuous functions, S h (t) remains non-negative on a small interval in the right hand side of t 0 = 0. Therefore, there exists t m = sup{t ≥ 0 : S h (t) ≥ 0}. Obviously t m ≥ 0 by definition. To show that S h (t) ≥ 0 for all t ≥ 0, we only need to prove that S h (t m ) > 0. It follows from the first equation of system (2.9) that
which can be rewritten as
Hence, integrating this last relation with respect to t from 0 to t m , we have
)dp dt so that the multiplication of both side by exp
From this, we deduce that S h (t m ) > 0, and thus S h (t) > 0 for all t > 0. The same arguments can be used to prove that E h (t),
Thus, by Gronwall inequality, we have
Finally, using the fact that I h ≤ N h and the Gronwall inequality, lead us to
This completes the proof.
Combining Theorem 3.1 together with the trivial existence of a unique local solution for the model (2.9), we have established the following theorem which ensures the mathematical and biological well-posedness of system (2.9).
Theorem 3.2
The model (2.9) is a dynamical system in the biological feasible compact set
The disease-free equilibrium and its stability
The disease free equilibrium (DFE) of the model is obviously
We use the next generation method developed in [3, 6, 19, 52] to compute the basic reproduction number. The vectors
T represent the new infection terms and the remaining transfer terms, respectively. Their Jacobian matrices evaluated at the DFE are given by
Simple calculations show that the basic reproduction number R env 0 is given by defined in Eq. (3.1) with those for the existing models (provided one relaxes some of the hypothesis stated for the modeling) allows the estimation of the transmissive power of the disease.
The relevance of the reproduction number is due to the following result established in [52] . . For a better control on the disease, the GAS of the DFE is needed. Actually, enlarging the basin of attraction of P 0 h to be the entire Γ h is, for the model under consideration a more challenging task. We have the following result.
Theorem 3.5 The DFE P 0 h of the system (2.9) is GAS if R env 0
Proof: Let x = (E h , I h , R h , V) and y = S h , be the infected and uninfected states, respectively. The system (2.9) can be re-written as
where F and W are given above,
It is straightforward that f (x, y) ≥ 0 for all (x, y) ∈ Γ h . Therefore, dx/dt ≤ (F − W) x, we then consider the following auxiliary linear subsystem from system(3.2):
is the stability modulus of the matrix M. Thus, when R env 0 < 1, all the eigenvalues of F−W have negative real parts. Thus, the non-negative solutions of (3.3) are such that lim t→+∞ x = 0, or equivalently lim t→+∞ E h = lim t→+∞ I h = lim t→+∞ V = 0. By the standard comparison principle [30, 45] and the non-negativity of x, the non-negative solutions of (2.9) satisfy lim t→+∞ E h = 0, lim t→+∞ I h = lim t→+∞ V = 0. Therefore, since lim t→+∞ x = 0, system (2.9) is an asymptotically autonomous system [12] (Theorem 2.5) with the limit system as follows
It is obvious that the affine system (3.4) has a unique equilibrium giving by S 0 h which is GAS. This completes the proof.
Remark 3.6
An alternative proof of Theorem 3.5 can be done using the Lyapunov techniques. Indeed, it suffices to use the following Lyapunov function:
Kµ h and B = µ h + γ µ h + ω .
.
The endemic equilibrium and its stability
Herein, we compute the endemic equilibrium of system (2.9) and investigate its stability.
Let
T be any endemic equilibrium of system (2.9) where the components S * h , E * h , I * h , R * h and V * are the solutions of the following system of equations:
where
can be expressed in term of λ * h as follows:
,
Substituting Eq. (3.9) into (3.8), the non-zero equilibrium of model (2.9) satisfy the following quadratic equation in λ * h :
Note that p > 0 and q > 0 whenever R env 0 ≤ 1. Further r > 0 whenever R env 0 > 1. Thus, by applying the Descartes rule of signs to the quadratic equation (3.10), the following result is established.
Theorem 3.7 For system (2.9), the following statements hold.
-if R env 0 > 1, there exists an unique endemic equilibrium giving by (3.9) where λ * h is the solution of (3.10).
-if R env 0 ≤ 1, there is no endemic equilibrium and the only steady state is the disease-free equilibrium.
Actually, the explicit value of λ * h > 0, which is the unique positive solution of (3.10) is given by
and the components of P * h are obtained by substituting this positive root of (3.10) into the steady-states expressions in (3.7) . Now, we investigate the stability of the unique endemic equilibrium P * h
. We have obtained the following result.
Theorem 3.8 If
The proof of this theorem used the Center Manifold Theory as proposed in [13, 11] and is given in the Appendix.
Impact of the environmental contamination on the transmission of EVD
In this section, we assess the role of the environmental contamination on the transmission of EVD. For this assessment to happen, we begin by analyzing system (2.9) without the indirect environmental contamination.
Analysis of the sub-model without environmental contamination
We recall that, in the absence of the environmental contamination (i.e., β hv = 0), system (2.9) reduces to system (2.10), which we repeat here for convenience.
The system (4.1) is mathematically and epidemiological well posed in the feasible region Γ h . Also, system (4.1) is a dynamical system in Γ h . The corresponding disease-free equilibrium
Without the environmental transmission (i.e. β hv = 0), the basic reproduction number (3.1) becomes
We emphasize this latter the basic reproduction number R h 0 and the former R env 0 will be used to compare our models at the early stage of the disease and thus numerically assess the impact of the environmental contamination.
The existence of the unique endemic equilibrium point
is subjected to the human-human basic reproduction number R h 0 in Eq. (4.2) being larger than the unity. A simple calculation proves that
The global stability analysis of model (4.1) is completely described by the following result. (2) There is a unique endemic equilibrium point X h which is GAS whenever R h 0 > 1.
Proof:
The first item is established using the Lyapunov function:
The Lie derivative of L h with respect to the vector field given by the right hand side of (4.1) isL
Thus,L h ≤ 0 in Γ h , andL h = 0 if and only if I h = 0 or R h 0 = 1 and E h + I h + R h = 0. In both cases, it is easy to check that the largest invariant set in
. Indeed, suppose I h = 0, then replacing it in the first, second and fourth equations of (4.1) and solve give
follows by LaSalle's Invariance Principle. For the proof of the GAS of X h in the second item, we refer the interested reader to [35, 58] where the result is obtained by using the geometrical approach [36] . This concludes the proof.
Comparison of systems (2.9) and (4.1) at early stage and at endemic level.
The objective of this section is to compare the dynamics of EVD described by only direct human-human transmission (cf. Section 4.1) with the the dynamics of EVD in the case of both direct and indirect environment-to-human-to-environment transmission (cf. Section 3). Practically, this shall be done at two levels of the outbreak. First at early stage of the disease by simply comparing the respective basic reproduction numbers. Secondly at endemic level by quantitatively comparing the infectious components I * h and I h of the corresponding endemic equilibria. Should these comparisons be possible, they allow to easily assess the impact of the environment compartment in the transmission of EVD.
The first comparison at early stage of the disease is straightforward since
For the second comparison of the fate of the disease at the endemic level, the simplest way to tackle it analytically is to study the variations of I * h = I * h (β hv ) as a function of the effective contact rate β hv ≥ 0 with the environment, as well as the variations of I = I * h (α h ) with respect to the shedding rate α h ≥ 0.
Remind that
Note that when there no contamination via the environment,
In this case, the only solution of Eq. (3.10) is
It clearly appears that λ * h (0) is equal to λ h and consequently I * h (0) = I * h (β hv = 0) = I h . Now, from Eq. (3.12), the partial derivative of I * h with respect to β hv satisfies
The right hand side of Eq. (4.8) has the same sign as Σ , show that not only the indirect contamination will increase the basic reproduction number (thus, the fast spreading of the disease), but the severity of the disease by increasing the endemic level (I h (β hv ) ≥ I * h
).
Numerical simulations
In this section, we present numerical simulations to support the theory presented in the previous sections and numerically assess the effect of the environmental contamination. The simulations are implemented in MatLab. The parameters values for human-human transmission are mostly taken from [46, 47, 56] , while almost all the parameters values for environment-to-human-environment transmission have been assumed.
Sensitivity analysis
We have carried out the sensitivity analysis to determine the model's robustness to parameter values. This helps to identify the parameters that are most influential in determining disease dynamics [15] . A Latin Hypercute Sampling (LHS) scheme [8, 37] samples 1000 values for each input parameter using a uniform distribution over the range of biologically realistic values, with descriptions and references given in Table 2 . Using system (2.9) and a time period of 500 months, 1000 model simulations are performed by randomly pairing sampled values for all LHS parameters. Five outcome measures are calculated for Table 3 PRCCs of model's parameters at time t = 4 days
General dynamics
In this subsection, we numerically illustrate the asymptotic behavior of the full model and the sub-model without the environment compartment. The GAS of the disease-free Table 5 PRCCs of model's parameters at time t = 30 days equilibrium P 0 h and the LAS of endemic equilibrium P * h demonstrated in Theorem 3.5 and Theorem 3.8 for the model with the environmental contamination are numerically supported by Fig. 2 and Fig. 3 , respectively. However, Fig. 3 further suggests the GAS of P * h . Figure 4 illustrates the GAS of the disease-free equilibrium X 0 h for the free-environmental contamination sub-model (4.1) as established in Theorem 3.5, while Fig. 5 supports the stability of the endemic equilibrium P * h as shown in Theorem 3.8.
PRCCs . We begin by investigating how the basic reproduction number R env 0 depends on β hv and α h . The illustration in Fig. 6 shows that, an increase in β hv and α h results to an increase in R env 0 . This latter figure also illustrates that for the chosen parameter values, if β hv does not exceed 0.5 (β hv < 0.5),
Sensitivity index
Parameters with significant sensitivity index (A) Sensitivity analysis of Susceptible individuals S h as output of interest
(B) Sensitivity analysis of Exposed individuals E h as output of interest 
(E) Sensitivity analysis of Free virus individuals V as output of interest Simulation results in Fig. 9 illustrate the effects of the variations of the environmental contact rate β hv and the shedding rate α h on the number of infectious individuals at endemic level I * h . This figure illustrates that an increase on β hv and/or in the shedding rate α h in the community will increase the prevalence of EVD cases. It suggests that, the survival of Ebola viruses in the environment may accelerate the spread of EVD in the community. Thus, the problem of biological control of the virus should be addressed in communities touched by EVD in order to reduce the burden of the disease.
Conclusion and discussions
In this paper, we have formulated two new mathematical models for the dynamical transmission of EVD in which the following factors are incorporated: (i) the indirect transmission via the environment, (ii) the contamination through recovered individuals, (iii) the demographic dynamics as well as the concentration of Ebola viruses in the environment, (v) the infection through contact with Ebola-deceased individuals (during funerals), (iv) the dead-mediated and the clinically recovered-mediated transmissions using fractions of infectious individuals and (vi) the virulence of the Ebola virus in Ebola-deceased individuals. A qualitative analysis of the model has been presented and our main findings on the long run of the system can be summarized as follows.
(1) The disease-free equilibrium for the full model is GAS whenever the corresponding threshold quantity R env 0 is less than or equal to unity. 
sensitive to both the environmental effective contact rate and the shedding rate. This suggests a detrimental influence of the environmental contamination on the persistence and the severity of EVD and provides a negative answer to the research question under investigation.
-Throughout numerical simulations, we have found that some local stability results established theoretical can be global.
The work in [1] provided a general mathematical model for the transmission dynamics of EVD in a population stratified into two epidemiological settings: those in the community and those within the health-care system. The model incorporated traditional/cultural beliefs and customs but did not assess the impact of the environmental contamination in the transmission of EVD. Thus, a reasonable extension of our work will be to add the environmental contamination in [1] , even though the mathematical analysis will become more complicated.
Appendix. Proof of Theorem 3.8
To establish Theorem 3.8 when R env 0 > 1 which shows the local stability of subsystem (2.9), we used the center manifold theory proposed in [13] . To this end, we introduce the following change of variables: 
. . With these notations, system (2.9) takes the form: The Jacobian matrix of subsystem (6.1) at the disease-free equilibrium x * 0 when φ = φ * is
It is straightforward that the transformed system (6.1), with φ = φ * has a hyperbolic equilibrium point (i.e., the Jacobian matrix J φ * has a simple eigenvalue with zero real part (here, zero is a simple eigenvalue), and the remaining eigenvalues have negative real parts). Therefore the Center Manifold Theory [13] can applied to analyze the dynamics of subsystem (6.1) near the bifurcation parameter φ = φ * . It is easy to see that a corresponding right-eigenvector of J φ * associated to the zero eigenvalue is w = (w 1 , w 2 , w 3 , w 4 , w 5 )
T , and a corresponding non-negative left-eigenvector associated to zero is given by v = (v 1 , v 2 , v 3 , v 4 , v 5 ), where To apply Theorem 4.1 in [13] and determine the nature and the direction of the bifurcation at R env 0 = 1, we must compute the following quantities:
